Abstract. Let a, b and n be positive integers with n ≥ 3 and consider the binomial Thue inequality |ax n − by n | ≤ 3. In this paper, we extend a result of the first author [10] and prove that, apart from finitely many explicitly given exceptions, this inequality has at most a single solution in positive integers x and y. In the proof, we combine lower bounds for linear forms in logarithms of algebraic numbers with the hypergeometric method of Thue-Siegel and an assortment of techniques from computational Diophantine approximation.
Introduction
A classical problem in number theory is the approximation of algebraic numbers by rationals, underlying which one has a theorem of Liouville: For applications to Diophantine equations, it is of utmost importance to reduce the exponent n here, i.e. to deduce like inequalities with some exponent λ < n. In full generality, the first such result was due to Thue [38] who proved the following theorem. .
From this result, Thue deduced that if F (x, y) ∈ Z[x, y] is an irreducible binary form of degree n ≥ 3, and m is a fixed nonzero integer then the corresponding Thue equation
F (x, y) = m (1.1) has at most finitely many solutions in integers x and y. This result is, however, ineffective in the sense that it does not provide any way to actually compute c(α, ε), and hence cannot be applied to determine the solutions of the corresponding equations. Whilst there is now a well-developed literature on effective solution of Thue equations, based upon a variety of techniques (including, for instance, lower bounds for linear forms in logarithms of algebraic numbers; see e.g. [4] ), in the paper at hand, we will concentrate on bounding the number of solutions to such equations, rather than their heights. In this regard, it is known that the number of solutions to equation (1.1) in integers is bounded above in terms of only the degree of F and the number of distinct prime divisors of m (see e.g. Bombieri and Schmidt [19] ). We will restrict our attention to what is, in some sense, the simplest possible case, that of binomial Thue equations and inequalities. For these equations, the number of such solutions is bounded in terms of m alone (see Mueller and Schmidt [33] ). Despite the fact that the situation we will consider is a very specialized one, we believe it is instructive to see what can be said explicitly, as a test of the current state of refinement of computational and analytic techniques. As a starting point, we note that, implicit in the techniques of [10] and [16] is the following result. The main result of [10] is that the set S 1 is empty. In treating (1.2), we will have occasion to consider the corresponding equation
where a, b and c are given positive integers, and x, y and n are unknown integers. [20] and many, many other papers, including [5] . [6] , [7] , [8] , [9] , [10] , [11] , [14] , [17] , [18] , [22] , [23] , [24] , [25] , [26] , [32] and [39] .
The main result of the paper at hand is the following. (2, 1, 3) , (1, 3, 3) , (3, 1, 3) , (2, 5, 3) , (5, 2, 3) } and [29] , who considered equation (1.3) with n = 3 and c ∈ {1, 3}. It is very likely that S 3 = S * 3 (which should be provable with a finite but currently infeasible amount of computation). We can, in any case, certainly prove a sharpened version of Theorem 1.4, with T 3 replaced by a somewhat smaller set, through more careful application of the hypergeometric method; in our opinion the effort involved would somewhat exceed the payoff.
Some lemmata
In this section, we collect a number of lemmata that we use in the proof of Theorem 1.4. The first is a state-of-the-art lower bound for linear forms in the logarithms of two algebraic numbers, due to Laurent (Theorem 2 of [28] ). For any algebraic number α of degree d over Q, we define as usual the absolute logarithmic height of α by the formula
where a 0 is the leading coefficient of the minimal polynomial of α over Z and the α (i) s are the conjugates of α in the field of complex numbers.
Lemma 2.1. Let α 1 and α 2 be multiplicatively independent algebraic numbers, h, ρ and µ be real numbers with ρ > 1 and 1/3 ≤ µ ≤ 1. Set
.
Consider the linear form
and assume that
The next lemma is a result of Evertse (Theorem 2.1 of [21] ) and, as mentioned earlier, represents a refinement of prior work of Siegel on the hypergeometric method.
Lemma 2.2. Suppose that a, b, c and n are positive integers with n ≥ 3. Define
and
Then the inequality (1.2) has at most one solution in positive coprime integers x and y satisfying max {ax n , by
The final three lemmata we will use are results of the first author [8] , [9] , [10] and [13] . To be precise, they are a combination of Theorem 5.2 of [10] with Theorem 5.2 of [13] , a special case of Theorem 1.1 of [8] , and a special case of Theorem 1.1 of [9] , respectively. We will use them to treat inequality (1.2) for "small" values of n. 
then, for all x and y > 0 integers, we have b a
where
if n = 37 , and
Lemma 2.4. Let c ∈ {1, 2, 3} and a be a positive integer which satisfies
Then, for all positive integers x and y,
9)
Lemma 2.5. Let a be a positive integer, c ∈ {1, 2, 3} and n ∈ {4, 5, 7, 11, 13}.
10)
then for all positive integers x and y,
11)
where 
Proof of Theorem 1.4
We will consider the inequality
in integer unknowns x, y, a, b and n which satisfy, without loss of generality,
We may further assume, again without loss of generality, that in (3.1) the exponent n is either 4 or an odd prime. By Lemma 2.2, it follows that if
then (3.1) has at most one solution in positive integers x and y. This implies that, apart from when n ∈ {3, 4, 5}, inequality (3.1) has at most one positive solution with x ≥ 2. We may thus distinguish two cases.
Case I : The inequality (3.1) has (x, y) = (1, 1) as a solution. We thus have b = a + c for c ∈ {1, 2, 3} and hence are led to consider the inequality
where c ∈ {1, 2, 3} and a, x, y and n are positive integers with n ≥ 3.
Case II : We have n ∈ {3, 4, 5}, b − a > 3 and inequality (3.1) has a solution in positive integers x and y with x ≥ 2.
We first deal with Case I.
3.1. Linear forms in two logarithms. The main purpose of this subsection is to prove the following. To prove this, we will have use of the following technical lemma. 
contradicting (3.3). We may thus suppose that x ≥ y + 1, which by (3.3) yields
By the binomial theorem, the right hand side of this is We write
, and choose a 1 = 2.003 log(x) and a 2 = 3 log(a + c).
Applying Lemma 2.1, one may readily check that (2.3) holds. We distinguish two cases according to whether a ≥ 14 or a ≤ 13, respectively. If a ≥ 14 then, by calculus, we find that there exist absolute constants c 1 , c 2 such that c 1 σ log(a + c) < λ < c 2 σ log(a + c) (3.7)
Here we may choose c 2 = 1. log(x) < 1 and, via (3.7), log n 3 log(a + c) + 1 2.003 log(x) + log(λ) + 1. 
and hence, comparing (3.6) and (3.9), we have To remove the dependence on a in this bound, we appeal to the inequalities log(a+c) ≥ log(15) for c = 1, log(a+c) ≥ log(16) and a ≥ 14, log(a+c) ≥ log (21) for a ≥ 18 and c = 3 and log(a + c) = log(a + 3) for c = 3 and a ∈ {14, 16, 17}.
Hence we obtain n ≤ 347 for c ∈ {1, 2, 3} and a ≥ 14, provided h = log
2.003 +1.81. If h = λ, inequality (3.12) actually implies a stronger bound upon n. For a ≤ 13 and c ∈ {1, 2, 3}, we omit the general estimates and use exact values for a. We will provide details in case a = 3 and c = 2; the other cases proceed in a similar fashion. We first note that direct calculation of the bounds in Lemma 2.1 with the same parameters as previously, and with a = 3, c = 2, x > 347a/c, yields an initial upper bound for n of the shape n < 446. For each prime n between 347 and 446 we apply an algorithm of Pethő [35] (essentially nothing more than an analysis of convergents in the infinite simple continued fraction expansions to n b/a ) to search for solutions to our Thue inequality with x ≤ 10 500 . After a short computation, we find that the only such solution is (x, y) = (1, 1). We may thus assume that x > 10 500 . Using this, (3.10) now yields n ≤ 326, as desired.
3.2. The hypergeometric method. Theorem 3.1 leaves us with only finitely many fixed exponents to treat in (3.3) . In this subsection, we will assume that n is either 4 or an odd prime between 3 and 347. We first apply Lemma 2.2 to
3) has at most one solution. Put a 0 (n) = µ n 3 αn . We remark here, that a 0 (3) = 22678753, a 0 (4) = 23943 and a 0 (n) ≤ 1103 for all other values of n. We thus need consider (3.3) only with a ≤ a 0 (n). Note that (3.3) implies the inequality
(3.13)
To deduce an upper bound for y in (3.3) we combine (3.13) with Lemmata 2.3, 2.4 and 2.5. We thus have
• for n = 3:
• for n ∈ {4, 5, 7, 11, 13}:
routine computations in MAPLE show that these bounds are less then 10 1000 , except for some "small" values of a and n, where we can appeal to PARI/GP to solve the corresponding Thue equations directly. By a well known theorem of Legendre, we have that in (3.3) the ratio x/y is a convergent in the continued fraction expansion of , c) = (1, 3) . The Diophantine equations
can be shown to have no solutions in positive integers for n ≥ 3 by combining work of Ribet [36] with elementary arguments, while
has no solutions in integers x and y with |xy| > 1, provided n has a prime divisor p ≥ 7 (see Theorem 1.2 of [15] ). It remains, therefore, to treat inequality (3.3) with (a, c) = (1, 2) or (2, 3) and n ∈ {3, 4, 5, 7, 11, 13, 17}, and (a, c) = (1, 3), n ∈ {3, 4, 5}. We appeal to PARI/GP and find no further nontrivial solutions to (3.3), unless (a, c, n) = (1, 2, 3) (where there is the additional solution (x, y) = (3, 2)) or (a, c, n) = (2, 3, 3) (where we have (x, y) = (19, 14) ). This completes the proof of Case I.
Case II can be handled similarly. We can assume, for the remainder of the proof, that for any positive solution (x, y) of (3.1), we have x ≥ 2. Denote by (x 0 , y 0 ) a known solution of (3.1). As previously, we may conclude from Lemma 2.2 that if max(x 0 , y 0 ) is larger than a computable constant X n , then the only positive solution of (3.1) is (x 0 , y 0 ). Hence, we have only to consider (3.1) with n ∈ {3, 4, 5} and with a given finite set X of the pairs (x 0 , y 0 ). By way of example, if a = 1 and n = 3, we have 2 ≤ x 0 ≤ 283, and determine by and, after substituting this into (3.1), we find that
Applying Lemmata 2.4 and 2.5, we are led to inequalities of the shape
where the constant c 1 can be deduced from the statements of Lemmata 2.4 or 2.5. This yields, in a similar fashion to Case I, that y is bounded by some absolute constant (usually around 10 500 ). From (3.1),
and hence, via Legendre's theorem, we have that x/y is a convergent in the simple continued fraction expansion of n b/a. Thus, we may again apply Pethő's algorithm [35] to compute all solutions of the corresponding inequalities. Repeating this procedure for all (x 0 , y 0 ) ∈ X , and using PARI/GP for some exceptional equations with small coefficients which we are unable to handle via the hypergeometric method, we conclude that (3.1) has at most one solution for each triple (a, b, n) in Case II. This completes the proof of Theorem 1.4. Full details of these computations are available from the authors upon request.
Concluding remarks
Due to the limitations of the hypergeometric method and lower bounds for linear forms in logarithms, it was necessary for us to solve a number of Thue equations of relatively high degree (up to 31). We would like to express our thanks to Guillaume Hanrot who wrote an extension of PARI which contains a new treatment of Thue equations based on his paper [27] . In this paper, he showed that the knowledge of a subgroup of finite index in the unit group is actually sufficient to solve Thue equations. With this software we were able to solve Thue equations of quite high degree in a reasonable amount of time and obtain a result independent of the Generalized Riemann Hypothesis.
It is worth noting that extremely careful application of the techniques of [10] would enable one to replace the upper bound of n ≤ 347 in the definition of the exceptional set T by n ≤ 53. To carry this out would be of practical interest only in the event that the remaining lower degree Thue equations could be explicitly solved without dependence upon the GRH to certify the putative fundamental units in the number fields encountered.
As a final note, the first author would like to acknowledge that Theorem 2.1 of [12] , which claims that (in the notation of the current paper) S 2 is empty, overlooks the family of equations of the shape x n − 3y n = 2 which contribute to our set T 3 . This mistake was due to an incorrect conductor calculation of a corresponding Frey curve. The first author regrets any confusion caused by this.
